The parabolic analogue of the Kazhdan-Lusztig and R-polynomials has been introduced by Deodhar [V. Deodhar, On some geometric aspects of Bruhat orderings. II. The parabolic analogue of Kazhdan-Lusztig polynomials, J. Algebra 111 (1987) 483-506]. Answering a question of Brenti, we give closed combinatorial product formulae for the parabolic R-polynomials and for the parabolic Kazhdan-Lusztig polynomials of type q in the case where the indexing permutations are smaller than the top transposition in Bruhat order. These formulae are valid in complete generality on the parabolic subgroup W J .
Introduction
For a Coxeter group W , Kazhdan and Lusztig [8] introduced a family of polynomials, indexed by pairs of elements in W , which have important Lie theoretic applications (with connections to geometry, representation theory and combinatorics). In particular, their coefficients give the dimensions of the intersection cohomology modules for Schubert varieties (see [9] ). To prove the existence of these polynomials, known as the Kazhdan-Lusztig polynomials, Kazhdan and Lusztig defined another family of polynomials, the R-polynomials (see, e.g., [6] ), whose knowledge is equivalent to that of Kazhdan-Lusztig polynomials.
In order to find a method for the computation of the dimensions of the intersection cohomology modules corresponding to Schubert varieties in G/P, where P is a parabolic subgroup of the Kac-Moody group G, Deodhar [4] defined two parabolic analogues of the Kazhdan-Lusztig and Rpolynomials, which correspond to the roots x = q and x = −1 of the equation x 2 = q + (q − 1)x.
These polynomials have applications in several contexts (see, for example, [7, 10, 15] ). Despite this, there are very few explicit formulae for them. Deodhar [5] and Tagawa [13] give combinatorial formulae for the parabolic Kazhdan-Lusztig polynomials of both types by introducing the parabolic analogue of Brenti's R-polynomials for multichains (see [1] for ordinary definitions). In [2] , Brenti investigates the case of the maximal parabolic Kazhdan-Lusztig and R-polynomials of the symmetric group. Under an appropriate restriction on J (i.e. |J| = |S| − 1), Brenti finds explicit formulae that hold for all indexing pairs of permutations. In this paper, we proceed in the opposite way. We consider parabolic Kazhdan-Lusztig and R-polynomials indexed by Boolean permutations (i.e., permutations smaller than the top transposition in Bruhat order), under no restriction on J. In particular, we give closed combinatorial product formulae for the R-polynomials of both types (Theorem 4.2), and for the Kazhdan-Lusztig polynomials of type q (Theorem 5.2). The parabolic Kazhdan-Lusztig polynomials of type −1 are actually ordinary ones in the way of Proposition 2.7. The results obtained in this paper answer a question posed by Brenti and imply the main results of [11, 12] for ordinary Kazhdan-Lusztig and R-polynomials, which are obtained in the special case J = ∅.
Furthermore, Brenti [3] conjectures that the coefficients of the parabolic Kazhdan-Lusztig polynomials of type q are in reverse order with respect to the inclusion of the underlying parabolic subgroups: P J,q u,v (q) ≤ P I,q u,v (q) coefficientwise whenever I ⊆ J. In particular, for every J, the coefficients of the parabolic Kazhdan-Lusztig polynomials are conjecturally smaller than the coefficients of the ordinary ones (I = ∅). Our results support this conjecture.
The paper is organized as follows. In Section 2, we recall some basic definitions and results about Coxeter groups and about (ordinary and parabolic) Kazhdan-Lusztig and R-polynomials. In Section 3, we provide some notation and some preliminary results on Boolean elements. In Sections 4 and 5, we state the formulae for the parabolic R-polynomials and for the parabolic Kazhdan-Lusztig polynomials, illustrating them with examples. The two formulas are proved, respectively, in Sections 6 and 7. Our methods are combinatorial.
Basic notions
This section reviews the background material on Coxeter systems that is needed in the rest of this work. We let P = {1, 2, 3, . . .}, N = P ∪ {0}, Z be the set of integers; for a, b ∈ N, we let [a, b] 
We follow [6] for general Coxeter system notation and terminology. In particular, given a Coxeter system (W , S) and u ∈ W , we denote by l(u) the length of u with respect to S, and we let D L (u) = {s ∈ S : l(su) < l(u)}, D R (u) = {s ∈ S : l(us) < l(u)} and T (W ) = {usu −1 : s ∈ S, u ∈ W } (the set of reflections of W ). We denote by e the identity of W and by m(s, s ) the order of the product ss (write ∞ if this is not finite). We will always assume that W is partially ordered by (strong) Bruhat order. Recall (see [6] 
It is well known that u ≤ v if and only if for any (equivalently every) reduced expression of v there exists a reduced expression of u which is a subword of it.
Given a set G, we denote by |G| its cardinality, and we let S(G) be the set of all bijections π : In introducing the (ordinary and parabolic) R-polynomials and Kazhdan-Lusztig polynomials, among all the equivalent definitions, we choose the combinatorial ones, since they suit our purposes best. We first define the ordinary ones through the following results (see [8] for proofs). As usual, we 
The polynomials {R u,v (q)} u,v∈W and {P u,v (q)} u,v∈W are, respectively, the well known (ordinary) Rpolynomials and Kazhdan-Lusztig polynomials. As the coefficient of q 
for all x ∈ {−1, q}, and
Moreover, if W J is finite then
We notice that, by the second identity of Proposition 2.7, µ(u, v) is also the coefficient of q [12] . A short braid move is, by definition, a braid move of the shortest type (namely α s,s = ss ); given s ∈ S and any expression v of an element v ∈ W , we denote by v(s) the number of occurrences of the letter s in the word v. From now on we specialize to the case The following theorem collects two explicit closed product formulae for ordinary R-polynomials and Kazhdan-Lusztig polynomials appearing respectively in [11] and [12] . 
The following corollary of Theorem 3.2 is proved in [12] and will be needed later. 
For all J ⊆ S, we introduce some notation on and, assuming J = {2, 4, 6}, we have We let a, b, c, d , . . . , α, β, γ , δ, . . . ∈ {0, 1 l , 1 r , 2, 0 , 2 , * } where by 0 (resp. 2 ) we mean that the entry is = 0 (resp. = 2) and where * stands for any entry. As above, if necessary, we use d or × to further require that a column belong to J or not. In the previous example, v) . In other words, we are counting the sub-tableaux of φ R (u, v) and of 
Parabolic R-polynomials for Boolean elements
In this section, we give a closed formula for the parabolic R-polynomial R
, u ≤ v, with no restriction on the subset J of S and for each x ∈ {−1, q}. Let (u, v) be the right Boolean expressions of (u, v) and consider φ R (u, v). First we need the following proposition (which can be easily generalized to any Coxeter element in any arbitrary Coxeter group).
where For m ≥ 1, we let
. . , 0) and
. . , u i+m ) = (0, 0, . . . , 0) and Furthermore, we let
To simplify the notation, we omit writing the dependence on (u, v) when no confusion arises.
The following result provides a closed product formula for the parabolic R-polynomial R J,x u,v (q). Its proof is given in Section 6. By (4.1), we have
Theorem 4.2. Let J be any subset of S. We have
We let
|, and we omit to write the dependence on (u, v) when no confusion arises.
The following result gives a closed product formula to compute the parabolic Kazhdan-Lusztig polynomial P J,q u,v (q). Its proof is given in Section 7. We explicitly state the following easy consequence of Theorem 5.2. This proves, in the case of Boolean permutations, a conjecture of Brenti [3] . 
Proof of Theorem 4.2
In this proof we use Tits' Word Theorem and Lemma 3.1 without explicit mention.
Recall that (u, v) are the right Boolean expressions of (u, v). We let θ (u, v) be the pair of elements that we obtain from (u, v) by deleting all the letters on the right. In other words, we define a map (u, v) in the range, we obtain φ R (θ (u, v)) from φ R (u, v) by changing all 2 to 1 l and all 1 r to 0. Note that θ does not depend on J. For example, if we have
where the polynomial R J,x θ(u,v) (q) can be computed using the formula in Proposition 4.1. In fact,
is the product of a power of (q − 1 − x) and a power of (q − 1), and C (u, v) counts the sub-tableaux of φ R (u, v) that give rise to sub-tableaux of type 0 0 Using Table 1 , we find that u ≤ us i ∈ W J and us i ≤ vs i precisely in the cases given in the following table: 
also in this case, the result follows by induction.
By Table 1 , we have that u ≤ us i ∈ W J and us i ≤ vs i exactly in the two following cases.
Suppose first that m = 1. By Theorem 2.5, we have
Since l(vs i ) = l(v) − 1, by our induction hypothesis we have .
We claim that f (m) only depends on m, v i+m , u i+m+1 and on whether i + m is in J or not. We prove the claim by induction on m. The claim is true for m = 1 since, by (6.2), we have 
for any choice of v i+m , u i+m+1 and J. This proves the claim.
Now we can conclude that
In fact, for x ∈ {−1, q}, this function verifies both the recursive property (6.4) and the initial conditions (6.3). Hence the result follows by induction. 
for any choice of v i+m , u i+m+1 and J.
we obtain We get the assertion if we prove the following identity: . . . where v = vs i and u is the element represented by the expression that we obtain from u by deleting the letter s i at the rightmost place, if any. The proof of this fact uses the same technique as above, but is much simpler, and it is left to the reader. This concludes the induction step and the proof.
